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INTRODUCTION 
OF MANIFOLDS 
LET M be a compact n-dimensional differentiable manifold (without boundary). Then 
according to classical results of Whitney [I l] A4 can be embedded? in R’” and immersed? 
in R’“-l. A standard problem of differential topology is to find the least integers li, I such 
that M can be embedded in Rnik and immersed in R”+‘. By the results just mentioned 
k < II and E < IZ - 1. General theorems of Haefliger [8] and Hirsch [9] reduce these 
problems (at least in certain ranges of dimension) to questions of homotopy theory. In 
any given case, however, this problem of homotopy theory tends to be difficult and has 
usually to be attacked on the following lines : 
(1) an upper bound for k, I is obtained by exhibiting explicit embeddings or immersions; 
(2) a lower bound for k, I is obtained by use of suitable homotopy invariants. 
The best known example of (2) is given by the Stiefel-Whitney classes. These are 
invariants of a vector bundle with values in the (mod 2) cohomology. In this paper we 
introduce another set of invariants, the “exterior powers”, with values in the Grothendieck 
ring KO(M) of real vector bundles (cf. [3], [4]). These have formal properties very similar 
to those of the Stiefel-Whitney classes$ and can be used in a very similar way to obtain lower 
bounds for k, 1. They can also be used in general questions of homotopy theory as has 
been demonstrated recently by Adams [1] in his solution of the vector-field problem on 
spheres. The present paper was in fact directly inspired by Adams’ work. 
As an illustration of our method, and an indication of the strength of the results which 
it gives, we consider the case M = P,(R) the real projective space. This is in any case a 
standard test space for this problem. Previous results in this case give a complete solution if 
rz = 24 but give very little information if n = 2 q - 1. In particular it was unknown if (for 
IZ = 2”- 1, q 3 3) P,,(R) could be embedded in R”+’ (cf. [lo]). Our method shows in fact 
that (for q 3 4) P,,(R) cannot even be immersed in Rnf2, so that only the question of P, 
remains open. Unlike the Stiefel-Whitney class methods our results are only weakly 
dependent on the arithmetical properties of n. Thus for IZ -+ co our methods show that 
k 2 E > ; + o(n). 
t Embeddings and immersions will mean F-differentiable ones. 
$ And also the Pontrjagin classes, cf. 56. 
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The “error term” o(n) is the part dependent on the dyadic expansion of n. For a certain 
range of values of n, including n = 2q, our methods give weaker information than the 
Stiefel-Whitney classes. On the other hand for other values of n, including 2q - 1, our 
methods are much stronger. 
Massey in [lo] obtains the following result: 
P3m-1 cannot be embedded in R4”’ if m = 2q, q > 0. This result is included in ours 
except for q < 3. For large q our result improves Massey’s in the ratio of approximately 
3 : 2. 
The lay-out of the paper is as follows. In $1 we recall the basic definition and properties 
of the Grothendieck ring KO(X). In $2 we introduce the exterior power operators 2’ and 
the Grothendieck operators yi. These are applied to give a non-immersion theorem (3.3) 
in 93 and a non-embedding theorem (4.3) in $4. Applying these to real projective space 
we obtain theorem (5.1). We conclude in $6 with some general remarks on our methods and 
their relation with characteristic classes. 
01. THE GROTHENDIECK RING 
Let X be a finite connected CW-complex and let &(X) denote the set of isomorphism 
classes of real vector bundles over X. The Whitney sum of bundles makes &(X) an abelian 
semi-group with a zero. The Grothendieck group KO(X) (cf. [3] or [4]) is the “associated” 
abelian group. Precisely we have a homomorphism 
with the “universal” properties : 
(1.1) 0(8(X)) generates KO(X) 
8 : fi5y.x) + KO(X) 
(1.2) if $J : &(X) -+ A is a homomorphism of 6(X) into an abelian group A, then there 
exists a unique homomorphism $ : KO(X) + A such that 4 = $ o 0. 
These properties are easily seen to characterize KO(X) and 8 up to canonical isomorphism. 
By an abuse of notation we shall frequently drop the symbol 8 and regard a vector 
bundle as an element of both b(X) and KO(X). The context will make it clear where we 
are working. 
DEFINITION (1.3). An element of KO(X) is said to be positive if it is in the image of 8. 
By assigning to each vector bundle its fibre dimension we obtain a homomorphism 
dim : 6(X) --* Z and hence, by (l-2), a homomorphism 
dim : KG(X) + Z. 
The trivial bundle of dimension n will simply be denoted by n. 
LEMMA (1.4). O(x) = B(y) ifund onZy if, for some integer n, 
x+n=y+n in b(X). 
Proqf: From the definition of 6 it is immediate that 
e(x)=e(y)ox+z=y+z forsomezE&(X). 
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From the fact that the Grassmannians are classifying spaces for vector bundles we deduce 
that for any z E &(X) there exists an “orthogonal complement”, i.e. z’ E &(X) so that 
z+z’=n 
for some integer n. Hence 
e(x) = B(y) 0 x + n = y + n 
as required. 
The tensor product of vector bundles makes F(X) a semi-ring and hence KO(X) a 
(commutative) ring. The element 1 is the identity of the ring. 
$2. OPERATIONS IN KO(X) 
In 8(X) we have the exterior power operators 1.‘. Thus if x is a vector bundle of dim k 
we have the vector bundles n’(x) i = 0, 1,2, . . . . These have the following formal properties 
(in 8(X)): 
(A) n”(x) = 1, 
(B) A’(X) = x, 
(C) 2(x + y) = c %'(x)%'-'(y), 
j=O 
(D) n”(x) = 0 for i > dim x. 
(A), (B), (D) are trivial while (C) is a consequence of a canonical isomorphism for exterior 
powers of vector spaces. 
Following Grothendieck [7] we let f be an indeterminate and we write 
%,(x) = 2 2(x)t’. 
i=O 
Let A(X) denote the multiplicative group of formal power series in t with coefficients in 
KO(X) and constant term 1. Then (A) and (C) assert that 1, defines a homomorphism 
b(X) -+ A(X). Hence by (1.2) we get a homomorphism 
2, : KO(X) + A(X). 
Taking the coefficients of %, this defines operators 
1’ : KO(X) + KO(X). 
Properties (A), (B), (C) continue to hold for these jLi but 
(Di) if x E KO(X) is posit&e then l’(x) 
Note finally that A,(l) = 1 + t. 
Again following Grothendieck (unpublished but cf. 
yi : KO(X) --t KO(X) 
yt : KO(K) + A(X) 
instead of(D) we have 
= 0 fir i > dim x. 
[2, $121) we introduce operators 
by yt = &,r _ f. Explicitly we equate coefficients in the power series 
i$o yit’ = f Zt’(1 - t)-i. 
i=O 
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Thus the yi are certain linear combinations of the ij. Putting s = r/l -t we see that 
1, = Ysllis and hence the 1’ can be expressed as linear combinations of the yi. The point 
of introducing the yi is that they are better adapted to certain types of problems. The 
definition of yt shows that it is a homomorphism, so that the yi, like the Ai, have properties 
(A), (B), (C). Note that 
y,(l) = /&(l) = 1 + t/l --t = (1 - t>-’ 
so that y,(k) = (1 - t)-“, for any integer k. To investigate the analogue of (DJ for yi we 
start with the following lemma. 
LEMMA (2.1). The following two conditions on x E KO(X) are equivalent: 
(i) A’(x) = 0 for i>k; 
(ii) yi(x - k) = 0 for i > k. 
Proof: We have the identities 
A*(x) = yt,r-t(x - k).(l + t)k 
y,(x - k) = &r-,(x).(1 - t)k 
which show that A,(x) is a polynomial in t of degree < k if and only if the same is true of 
Y,(X - k). 
As in [4] let us denote the kernel of dim : KO(X) + Z by s(X). 
DEFINITION (2.2). If x E 6$X) the geometrical dimension of x, written g . dim x, is the 
least integer k such that zc + k is positive. 
The proof of (1.4) shows that g . dim x always exists. Using the “stability” of the 
Grassmannians it is not difficult to show that g . dim x < dim X, but we shall not require 
this fact. 
From (2.1) we see that (Di) implies, and is in fact equivalent to, 
PROPOSITION (2.3). If x E J%(X) then y’(x) = Ofor i > g . dim x. 
This proposition will be our main tool in studying immersions and embeddings. It 
should be compared with the corresponding result for Stiefel-Whitney classes, which is the 
basis of earlier results on immersions and embeddings. 
$3. IMMERSIONS 
Let M be a compact differentiable manifold of dimension n. Let r denote its tangent 
bundle (and also the corresponding element of KO(M)), and put 
(3.1) v0 = n - z E IS(M). 
If M is immersed in Rntk then we have a normal bundle v of dimension k and 
z+v=n+k in KO(M). 
Hence v = v0 + k and so g . dim v ,, < k. The main theorem of Hirsch [9] implies that the 
converse? holds. Thus we have: 
t For our purposes this will not be needed. We state it only to illuminate the problem. 
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PROPOSITION (3.2). M is immersible in R”+k {f and only ifg . dim v0 < k. 
From (2.3) and (3.2) we obtain our criterion for non-immersions: 
THEOREM (3.3). Let A4 be immersible in Rn+k then yi(vO) = 0 for i > k. 
Remark. This is analogous to the corresponding result for Stiefel-Whitney classes ~3~. 
For embeddings it is well-known that one obtains 
Wi(VO) = 0 for i > k. 
The corresponding result for the yi will be established in the next section. 
$4. EMBEDDINGS 
Let M be embedded in Rnfk with normal bundle v. Let N denote a tubular neighbour- 
hood of M in Rn+k and fi its boundary. Thus N is the sphere 
LEMMA (4.1). Let n : N + A4 denote the bundle projection. 
7r* : zil(hil) + l%(N) 
is a monomorphism. 
Proqf: We have the exact sequence of the pair N, iii for 
(cf. [41). 
bundle associated to v. 
Then 
the cohomology theory K”o 
Now the zero section i : A4 + N is a homotopy equivalence and, if we identify l%(M) and 
I%(N) using i*, p can be identified with rc*. Thus we have only to prove that CI is zero. 
But we have a commutative diagram 
I%(B”+k, B”+k - N) -+ I%(B”+k) 
L’ 1 
I%(N, N) : IEO(N) 
in which y is an (excision) isomorphism and Bn+k is a large (n + k)-ball in R”+k. Since 
fi(B”+k) = 0 this proves x = 0 as required. 
LEMMA (4.2). Let x be a rector bundle of dimension k on A’, Y the associated sphere 
bundle, rc : Y + X the projection and put xc = x - k E l%(X). Then 
ySr*(x,) = 0 for i 3 k. 
Proof: We have a decomposition of vector bundles 
n*x=y+1. 
Since y is of dimension (k - 1) we have 
g.dimn*x,=g.dimy,<k-1. 
Now apply (2.3) and the result follows. 
Remark. The vanishing of yk is of course the essential point. 
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Putting (4.1) and (4.2) together and observing that the yi (like the ni) are natural, so 
that yin* = rc*yi, we deduce 
THEOREM (4.3). Let M be embeddable in R”+k, then yi(vO) = 0 for i > k. 
$5. APPLICATION TO REAL PROJECTIVE SPACE 
We shall now apply Theorems (3.3) and (4.3) to P,,(R), the n-dimensional real projective 
space. Naturally, in order to do this, we have to know the following: 
(1) the ring KO(P,), 
(2) the operators yi in KO(P,), 
(3) the element v0 E %(J’J. 
Using the spectral sequence oft [4, $2.31 one can in fact determine KO(P,) completely. 
This has been done by Adams [l]. Bott and Shapiro [6] have also determined KO(P,) by 
another method. Let 5 denote the Hopf bundle on 
structure of KO(P,,) is then as follows: 
Additive Structure. 
KO(P,) = Z @ I%(P,,), kb(P,,) cyclic of order 
defined as the number of integers s with 
P,,, and put x = 5 - 1 E fi(P,J. The 
2@(“) with generator x, where 4(n) is 
O<s<n and sEO,1,2or4modS. 
Multiplicative Structure. 
52 = 1 and so x2 = -2x. 
y-Structure. 
J,(c) = 1 + et, and so by (2.1), 
y,(x) = 1 + xt. 
It is well-known that the tangent bundle z is given by 
and so 
z = (n + 1)g 7 1 in KO(P,), 
Hence 
v0 = -(n + 1)x. 
and so 
y,(vJ = (1 + .a)-(“+‘), 
n+i 
Yi(V,) = + i ( ) xi = +2i-1 Iz + z x. - i ‘1 i 
Hence 
yi(v,) = 0 e 2’-’ 
n+i 
( i 
i = 0 mod 2#(“). 
Let us now define o(n) to be the largest integer s for which 2”-‘(“r”) is not divisible by 
24(“). Then Theorems (3.3) and (4.3) give 
t In [4] only K is dealt with, but as pointed out there, there is no difficulty in treating KO analogously. 
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THEOREM (5.1). 
(i) P,(R) cannot be immersed in R”+“(“)-‘, 
(ii) P,,(R) cannot be embedded in Rnfo(“). 
For large values of n we have an asymptotic formula 
o(n) = 1 + O(log, n) 
which gives an indication of the strength of (5.1). As explained in the introduction (5.1) 
gives good results for values like R = 24 - 1. Thus 
o(15) = 4, 
o(31) = 12, 
and ~(2~ - 1) > 2¶-’ for 4 > 4. 
In particular this shows that, for n = 2q - 1, q 2 4, P,, cannot be immersed in Rn+2. 
Together with known results (cf. [lo]) this shows that P, cannot be embedded in Rn+2 
for rr > 3, except possibly for n = 7. Since P7 is parallelizable no method using charac- 
teristic classes of any type will yield information here. 
As mentioned in the introduction, the result of Massey [lo] is included in (5.1) except 
for small values of IZ. 
Of course a non-immersion theorem for P, implies one for P, (m > n). It is not clear 
in the case of (5.1) whether this gives anything new. The question is purely arithmetical: 
are there integers m, n with m > n and 
n + a(n) > m + o(m) ? 
96. GENERAL REMARKS 
It is perhaps instructive to compare in greater detail our methods with those using 
characteristic classes. First we make some remarks about the yi. 
As explained in [2, 9121 Grothendieck uses the yi to define a filtration [RJ in any 
augmented J.-ring R. If CR denotes the corresponding graded ring, and if E : R -+ Z is the 
augmentation, Grothendieck defines characteristic classes 
Ci : R ~ G’R 
by 
Ci(X) = y'(X - E(X)), 
where y’(x - E(X)) belongs to Ri and 7’ is its image in Ri/Ri+l = G’R. 
If R = K(X) is the ring of complex vector bundles, then the ci would be a kind of 
Chern class. If R = KO(X) they would be a kind of Stiefel-Whitney-Pontrjagin class. 
The exact relation between these “formal” classes and the corresponding topological 
classes is a little intricate and involves the spectral sequence of the theory K or KO. However, 
for descriptive purposes we can say roughly that the 7’ (for KO) are comparable with the 
Stiefel-Whitney and Pontrjagin classes. The strength of (4.3) lies therefore in the fact that 
132 M. F. ATIYAH 
we use “ii (with values in R) rather than the weaker 7’ (with values in GR). In the case of 
real projective space for instance the 7’ are all of order 2, whereas the yi are of order 2k 
for various k. 
Next we recall that the rational Pontrjagin classes can be used for immersions and 
embeddings to give the following result: 
(6.1) M” immersed in R”+k + pi(vo) = 0 for 2i > k, 
M” embeddable in Rn*k => pi(v,) = 0 for 2i > k, 
where vO = II - T is as in $3 and the pi are defined on KO(X) in the usual way. 
Let ch : KO(X) + H*(X; Q) be given by the Chern character of the complexified 
bundles. Then if the Pontrjagin class of 5 E KO(X) is written in the usual way in terms of 
symmetric functions : 
P(5) = v (1 + x:>, 
we have the formula 
showing that 
ch y,(t) = n (1 + (81 - l)t)(l + (e-“’ - l)t), 
i 
ch ~~‘(5) = 4’pi(~) + higher terms. 
Hence (6.1) is a consequence of (3.3) and (4.3). 
Since pi E H4’ it is clear that (6.1) gives no information if k > n/2. This should be 
compared with the asymptotic formula for o(n) in $5. 
For many spaces it is likely that (6.1) will in fact give the same results as (3.3) and (4.3). 
This appears to be the case for complex projective space. The interest of real projective 
spaces in this problem derives partly from the fact that (6.1) gives no information at all. 
In the case of complex projective space much better results than (6.1) were obtained in 
[5] for embeddings. It is to be expected that (5.1) is capable of similar improvement. 
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